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Property (T L $) and property (F L §) for Orlicz 

spaces L $ 

Mamoru Tanaka* 


Abstract 

An Orlicz space lA(fl) is a Banach function space defined by using a 
Young function <f>, which generalizes the L p spaces. We show that, for a re¬ 
flexive Orlicz space lA([0, 1]), a locally compact second countable group 
has Kazhdan’s property (T) if and only if it has property (Tl*([o,i]))! 
which is a generalization of Kazhdan’s property ( T ) for linear isometric 
representations on L*([0,1]). We also prove that, for a Banach space B 
whose modulus of convexity is sufficiently large, if a locally compact sec¬ 
ond countable group has Kazhdan’s property (T), then it has property 
(. Fb ), which is a fixed point property for affine isometric actions on B. 
Moreover, we see that, for an Orlicz sequence space such that the 
Young function sufficiently rapidly increases near 0, hyperbolic groups 
(with Kazhdan’s property (T)) don’t have property (J 7 )#*). These results 
are generalizations of the results for ZT-spaces. 
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1 Introduction 

Property (T) is known as a rigidity property of topological groups with respect 
to the irreducible unitary representations. In |BFGM07] . they generalize Kazh¬ 
dan’s property (T) for linear isometric representations on Banach spaces: Let 
G be a topological group and ( B , || ||) a Banach space. A linear isometric G- 
representation on B is a continuous homomorphism p : G —> 0(B ), where O(B) 
denotes the group of all invertible linear isometries B —> B, and continuous 
means the action map G x B —> B is continuous. We say that a linear isomet¬ 
ric G-representation p almost has invariant vectors if for all compact subsets 
K c G 

in f „ niax \\p(g)v — u|| = 0. 

■u£.B;||i;||=l g€K 


*This work was supported by World Premier International Research Center Initiative 
(WPI), MEXT, Japan 


1 





Denote by B p ^ the closed subspace of G-fixed vectors in B. Then the G- 
representation p descends to a linear isometric G-representation p on B / B p ( G \ 

Definition 1 ( [BFGM07] '). Let B be a Banach space. A topological group 
G is said to have property (Tb ) if for any linear isometric G-representation 
p : G —> O(B), the quotient G-representation p : G — > 0(B/B p ^) does not 
almost have invariant vectors. 

For a Hilbert space H , Kazhdan’s property (T) is equivalent to property 
( Th )■ For a locally compact second countable group, Delorme |Del77] and 
Guichardet jGui721 proved that Kazhdan’s property (T) is equivalent to Serre’s 
property ( FH ), that is, every affine isometric action on a real Hilbert space has 
a fixed point. 

Definition 2 i lBFGM07l h Let B be a Banach space. A topological group G 
is said to have property ( Fb) if every affine isometric G-action on B has a fixed 
point. 

In [ IBFGM07] . they proved the following: 

Theorem 3 f |BFGM07| l. Let G be a locally compact second countable group, 
B a Banach space. 

(1) If G has property (Fb), then G has property (Tb). 

(2) If G has property (T LP q 0 ,i])) f or some 1 < p < oo, then G has Kazhdan’s 
property (T). 

(3) If G has Kazhdan’s property (T), then G has property (T LP r^\) for any 
a-finite measure p and any 1 < p < oo. 

(4) If G has Kazhdan’s property (T), then there exists a constant e(G) > 0 
such that G has property (F LP ^) for any a-finite measure p and any 
1 <P < 2 + e(G). 

On the other hand, Yu proved 

Theorem 4 ( IYu05l ). IfT is a hyperbolic group, then there exists 2 < p(T) < oo 
such that r admits a proper affine isometric action on an £ p -space for p > p(T). 

There are hyperbolic groups which have Kazhdan’s property (T), for ex¬ 
ample, the cocompact lattices of Spn^R) (n > 2). Hence property (F&) and 
property (T#>) are not equivalent for sufficiently large p > 2. 

T. Yokota asked us whether results about isometric group actions on L p - 
spaces is true for Orlicz spaces L ® under appropriate conditions. Here an Orlicz 
space is a generalization of L p -spaces, which is defined in section [2] We prove 
the following: 

Theorem 5. Let G be a locally compact second countable group, $ a Young 
function with 0 < $(t) < oo for all t > 0, and K = R or C. If G has property 
(^i*([o,i],K))j then it has Kazhdan’s property (T). 
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L p spaces (1 < p < oo) are Orlicz spaces satisfying the assumption of Theo¬ 
rem [5] 

Theorem 6 . Let G be a locally compact second countable group, and $ an 
N-function such that $ G D V 2 , and 

( 1 ) fl = [0, 1 ] and K = K., or ( 2 ) f l = [0,1] and K = C, or (3) f2 = N 

and K = C. 


If G has Kazhdan’s property (T), then it has property (T^Q jn) with respect to 
gauge norm. 

For an N-function <f>, $ G A)? flV)? if and only if T $ (n, K) is reflexive. Hence 
L p spaces (1 < p < 00 ) are Orlicz spaces satisfying the assumption of Theorem 

ED 

Corollary 7. Let G be a locally compact second countable group. For a reflexive 
Orlicz space L*([0,1]), G has has Kazhdan’s property (T ) if and only if it has 
property (T L * {[0 ,!],«))• 

A Banach space B is said to be uniformly convex if for every e > 0 the 
modulus of convexity 


S B (e) = inf < 1 - 


u + v 


i|| = IMI = i>-t,||> 


is positive. A Banach space B is said to be uniformly smooth if the modulus of 
smoothness 


Pb(t) = inf 


bu + d + u-d 


- 1 : 


= 1,1 


satisfies lim T -s.o ^ 7 -^ = 0. By ICla36j . the modulus of convexity is calculated as 
Slp(c) = 1 — (1 — (§) p ) ? for p > 2. Uniformly convex (or uniformly smooth) 
Banach spaces are reflexive. 

Theorem 8 . If G has Kazhdan’s property (T), then there exists a constant 
e(G) > 0 such that G has property (F B ) for every real (or complex ) Banach 
spaces B with S B (t) > S L 2 +^G)(t ) for all 0 < t < 2 (or with p B {t ) < p L2 +e<.G)(t) 
for all t > 0). 

L p spaces (2 < p < 2 + e(G)) are Orlicz spaces satisfying the assumption of 
Theorem [ 8 ] 

Theorem 9. Let T be a hyperbolic group and K = R or C. Then there exists 
2 < p(T) < 00 such that, for any N-functions $ and ^ satisfying 

• <f> G A 2 (this is equivalent to ^ $ (T,1K) is separable ) and 

• there is a constant C > 0 and to > 0 such that Vf'(t) < Ct pt ' T ' 1 for all 
0<t<t 0 , 


3 










the group T admits a proper affine isometric action on ^(T, ^(T, K)) with 
gauge norm. 

For example, £ p = ^ p (r x T) with p > p(G) are Orlicz spaces satisfying the 
assumption of Theorem [9] 

Acknowledgements. We would like to thank T. Yokota for asking the question 
and encouraging us. 


2 Orlicz spaces 


This section refers to IR.R91I and [EES]. 

A function $ : [0, +oo) —> [0, +oo] is said to be a Young function if it is 

(1) convex, i.e., <f>(sti + (l — s)t 2 ) < s<h(ti) + (l — s)<h(t 2 ) for all ti, f 2 £ [0, +oo) 
and s £ [0,1]; 

(2) 4>(0) = 0; 

(3) lim^oo <f>(f) = +oo. 

The function : [0, +oo) — > [0, +oo] defined by $*(s) := sup{sf — $(f) : t > 0} 
is called the complementary function of <f>, which is also a Young function. A 
Young function $ is called an N-function if it is a Young function satisfying 
0 < <f>(t) < oo for all t £ (0,oo), and lim^o —= 0, lim t _>, 00 = oo. The 

complementary function of an N-function is also an N-function. For example, 
the function <F p (f) = y (1 < p < oo) is an N-function, and the complementary 

function is <f>*(s) = y, where ^ | = 1. The functions 


<Fi(t) = \t\ and $oo (f) = 


0 (t £ [-1,1]) 

+oo (otherwise) 


are Young functions, but they are not N-function. 

Let O be a a-finite measure space with a positive measure p, and 

C. 


= K or 


Definition 10. For a Young function <1». the space 

L^(Cl,K) := |/ : Q — > K | measurable, $(a\f\)dp < oo for some a > o| / ~ 

is called an Orlicz space , where / ~ g means / = g p-a.e.. For / £ we 
define 

II/IIW “ inf i\b>0: J^<£> (i|i) dp < l^j. 

The || ||($) is a norm on L <1> , which is called the gauge norm (or the Luxemburg- 
Nakano norm). For / £ L®, we define 

||/||$:= sup ( [ \fif\dp : ( $*(|^|)d^<l). 

Un Jn J 
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The || • ||$ is also a norm on L $ , which is called the Orlicz norm. The norm 
spaces (T $ , || ||($)) and {L® , || • ||$) are Banach spaces. 

Since (L*»,|| ||($ p) ) = {L p , || || iP ) for 1 < p < oo, an Orlicz spaces with 
gauge norm are generalization of L p spaces. Gauge norm and Orlicz norm have 
the relation 

ll/ll(*)< ll/ll* <2||/|| ( *) (1) 

for any / G L $ . 

We consider the following conditions for SI = [0,1] with the Lebesgue mea¬ 
sure /i, and SI = N with the counting measure p. A Young function $ is said to 
satisfy the Aj -condition and denoted as <1? G A 2 if there are K > 0 and to > 0 
such that 


<b(2t) < A'$(t) for all t > to if Sd = [0,1] (for all 0 < t < to if SI = N). 

A Young function $ is said to satisfy the V?? -condition and denoted as G V 2 
if there are c > 1 and to > 0 such that 

2c$(t) < $(ct) for all t > to if S7 = [0,1] (for all 0 < t < to if S2 = N). 

For example, G A 2 for 1 < p < 00 and G V(? for 1 < p < 00 . If <F G Aj , 
then the simple functions on S 2 are dense in and 

for / G L® with / ^ 0. For an N-function $, $ G AS? D VS? if and only if 
L $ (S2,1K) is reflexive. Note that the uniform continuity and uniform smooth¬ 
ness of T $ (S2,R) can be written by conditions for $ and $*, which are strictly 
stronger than $ G AS? fl VS? ■ 

Theorem 11 f (RR02| ). For a N-function $ and 0 < s < 1, let be the 
inverse function o/$^(t) = ($~ 1 (t)) 1 ~ s fi. Then <h( s ) is also an N-function 
and for 0 < e < 2 

n,R)( e ) - 1 - ~ ( 2 ) ) = 5 Li (n,R)( e )' 


The function $( s ) is an N-function between $( 0 ) = d* and $(i) = $2 in some 


sense. For example, let p(s) = 




ip{ s ) 


t for 1 < p < 00 , then 
p(s) 


P 


-PM 


Zp(s) 


-<l> 


p(s) - 


Hence we can easily construct uniformly convex Orlicz spaces satisfying the 
assumption of Theorem [ 8 ] 
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3 Proof of Theorem [5] 


Theorem [5j Let G be a locally compact second countable group, $ a Young 
function with 0 < < oo for all t > 0, and K = R or C. If G has property 

(Tl # ([o,i],k))> then it has Kazhdan’s property (T). 

Proof. Assume that G does not have Kazhdan’s property (T). Connes and 
Weiss |CW80] construct a measure-preserving, ergodic G-action on a standard 
non-atomic probability space (f 2 , p) which admits an asymptotically invariant 
measurable subsets { E n such that 


p{E n ) 


1 

2 


and p(gE n AE n ) 0 for all g € G. 


As in 4.c in |BFGM07] . we can take this such as the convergence 

p(gE n AE n ) —> 0 is uniform on compact subsets of G. Consider the linear 
isometric G-representation p on B = K) defined by p{g)f{x) = f(g~ 1 x). 

Then B p ^ = K\'n, the constant functions on fl. Let B = B/B P ^ G \ From 
the assumption, $ has the inverse $ _1 : [0,oo) —► [0, 00 ). Hence for f n = 
2 X£„ - Xn + Kxn £ B, we have 


WfnWs = mf pXE n -xn + axn||(*) 


and 


= inf inf b > 0 

a£ K 


= inf inf b > 0 
a£ K 


$ 


12xs„ - Xn +axn| 


$ 


1 + a| 


= inf inf ^ b > 0 | — $ ^ ^ ^ 


a£ K 

> inf <! b > 0 | $ 
> 0 . 


dp + / 

Jn-E n 

U ni ~ al 


dp < 1 

la-II 


$ 


< 1 


< 2 


1 




dp < 1 


\\p(g)fn- fnWs = in £ \\p(g)(2XE n -Xn) - ( 2 X-E„ -xn) +axn||($) 


< IIp(s)( 2 Xe„ - Xn) - ( 2 X£ n - Xn)||($) 

2||x S B n AB„||($) 

'X gEn ^dp 


= 2 inf < b > 0 


I *( 2 


< 1 


2 inf ^ 6 > 0 | $ ( — ) p{gE n AE n ) < 1 


$ \(AAE n )) 
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Define /' 


/" . Since $ 1 (t) —>■ oo as t —> oo, we have 

ll/n || b 


II p(g)fn - /nils < 


II p(g)fn - /™||j 


II/. 


< 


2<£>~ 1 (2) 


n IIB 




as n —> oo uniformly on compact subsets of G. This means p almost has the 
invariant vectors {/^}$£Li- Hence G does not have property for 

gauge norm. Using HD, we can prove for Orlicz norm. □ 


4 Generalized Mazur map 

Dclpech proved the Holder continuity of a generalized Macer map on the unit 
sphere of real reflexive Orlicz spaces in [Del05j . In this section, we see the Holder 
continuity of a generalized Mazur map around the unit sphere of real or complex 
reflexive Orlicz spaces. 

Let = [0,1] or N, and K = R or C, and denote by as L $ (f2, K). 

Definition 12. Let <1'. T be two N-functions. The map 

L*;f </>$«,(/) := 'L” 1 o $(|/|) sign(/) 

is called the generalised Mazur map , where sign(/)(x) := f{x)/\f{x)\ for x £ Q 
with f(x) ^ 0. 

Note that if IF e A??, then (fq.q, is a bijection between the unit sphere 5$ 
of L $ and the unit sphere Sq, of V s . 

Theorem 13. Let $ and 'F be N-functions with <F, >F £ A?? O V^. Then the 
generalized Mazur map (f>q,qi : Aq, — > L ^ is a 1 A a-Holder map for some 0 < 
a < 00, where Aq, = {f £ L® \ \ < ||/||($) < §}. 

For 0 < a < (3 < 00, a non-decreasing continuous function p : [0,oo) —> 
[0, 00) with y>(0) = 0 is said to be in the class IC(a,/3), and denoted as p £ 
/C(a, f3), if is a non-decreasing function of t > 0 and is a non-increasing 
function of t > 0. Hence for p £ /C(a, /?), r > 1 and 0 < s < 1, we have 

r a p(t) < p(rt), p(st) < s a p(t), p{rt) < r^p(t), s^p(t) < p{st). (2) 

As Remark 2.2 (i) and Proposition 2.3 in [Del05j . for $ £ A?? flV^, there exist 
constants 0 < pq, < qq, < 00, D > 0, C > 0 and an N-function $ £ /C(p$, 
such that 

D$(t) < $(f) < C<F(f) 

for all t > to if H = [0,1] (for all 0 < t < to if H = N). Then L® = L $ as set, 
and the identity map is isomorphism. Hence the map Aq, B f >-> jjyjp^-/ £ A^ 

is a bi-Lipschitz homeomorphism. Thus we may assume $ £ /C(p$,g$) and 
’F e K.(pq,,qq,). 
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For a = ^ and /3 = the non-decreasing continuous function ip = 'F 1 o<f> 
is in the class K.(a,/3). Then for / £ with ||/||($) > 1, by the inequalities 

since * (K) ^ T/if ’ we have 


i = 


0 $$ 


IW 


W 




I/I 


I (4*) 


< 


(4-) 


V 7 (I/I) 


1 ( 4 -) 


IM'P (/)ll($) 




1 ( 4 -) 


Hence \\f\\f 9) < ||0$$ (/)|l w - Similarly, we have ||^(/)|| w < ||/||f$). For 
/ € L* with 0 < 11 / 11 ( 4 ,) < 1, we have H/H^ < ||0$$ (/)|| w < 11/11“$). That 
is, for / £ L $ , 

min{||/||“$), ||/||f$)} < ||0$$ (/)|| ( $) < m ax{||/||“$), ||/||f $) } (3) 

holds. 


Lemma 14. Let ip £ /C(a, /3). Then for all a 1 b £ C with a, b ^ 0 we have: 
• If ft < 1 , then 

MM) sign(a) - ip{\b\) sign( 6 )| < ip{\a - 6 |) + 4 ^ ^ (|a| + | 6 |). 

I a l + \ b \ 


• If P > 1 , then 

MM)sign(a) - V»(|&|) sign( 6 )| < (2/3 + 4) ^ ^ ip{\a\ + | 6 |). 

|a| + |6| 


Proof. We have 


MM)sign(a) - <p(| 6 |)sign( 6 )| 

< MM) sign(a) - ip(\b\) sign(a)| + MM) sign(a) - tp(\b\) sign( 6 )| 

< MM) - MH)I + I sign(a) - sign( 6 )MM + | 6 |). 

Hence 


< 


< 


< 


I sign(a) — sign( 6 )|y)(|a| + | 6 |) 
|sign(a)-sign( 6 )|(|a| + | 6 |) 


ip{\a\ + | 6 |) 


|a| + |6| 

IM sign(a) - |o| sign(b)| + ||b| sign(a) - |b| sign(fr)| 

|a| + |6| 

\a-b\ + \b- |a| sign(b)| + ||6| sign(a) — a\ + \a - b\ 

|a| + |6| 

\a-b\ + ||6| - |a|| + ||6| - |a|| + \a-b\ 


ip(\a\ + |6|) 

MM + \ b \) 


H 


ip(\a\ + \b\) 




\ b \ 
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If | 6 | = |a|, then the lemma was proved. We can suppose that 0 < | 6 | < |a|. If 
/3 < 1, then is a non-increasing function of t. Hence 


^(|a|) -tp(\b\) 


\b\ 


^(|a|) 


~\b\ 


V5(|a|) - ip(\b\) 




IH 

= Pd°l ~ l 6 l) 

< ip(\a-b\). 


H-I&I 


p(\b\) 


On the other hand, if /3 > 1, then 1 — < /3(1 — t) for t £ [0,1]. Using this 

inequality, since ip is in the class /C(a,/?), we have 


V?(M) -<p(\b\) = ¥>(M) — \b\^ 

< ip(\a\) - |6| 

= (i- 

< d\l- 


p(\ b \) 

\b\P 

a\P 

i iq ^M) 

W) M |a|“ 

\b\\ lal' 


a\J (|a| + 


If a > 1, then < 1 < 2 yj^. If a < 1, then 


-ip{\a\ + |6|). 


d«l + H) c 


\b\ 


lal < 2 lal 


Hence 


1 - 


W\J (|a| + |6|) 


yvKM + H) < 2/3(1 — 


a| + | 6 | |a| + | 6 |‘ 

\b\ 


a\J |a| + | 6 | 


<P{ M + \b\) 


= 2 , m ld Q l + \b\) 


< 2/3 


|a| + |b| 

l«~ b \ 

a| + |6| 


V?(|a| + |6|). 


This proves the lemma. □ 

Using above lemma, we can prove Theorem 1131 as in |Del05| . 

Proof of Theorem\J^[ We may assume <p = d * -1 o$ £ JC(a, 0) for some 0 < a < 

/3 < oo. Fix f,h£ A® with / ^ h. Let 

A$^(a;) = \</>^(f)(x)-^{h){x)\ = \ip(\f(x)\) sign(/(x))-y>(|/i(x)|) sign(/i(z))|, 
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v(x) = \f(x) — h(x)\ and w(x) = \f(x)\ + \h(x)\ for a: € f2. Our aim is to estimate 

||<?W(/) - <£*®(/i)ll(*) = ||A$^|| ( ^) = inf 16 > 0 | J f dp(x) < 1 

using ||/ — /i||($) = ||u||($). We show the estimate for the three cases a < /3 < 1, 
a < 1 < /?, and 1 < a < j3. 

Case 1: a < /3 < 1. 

Let b = — g t#) , then 0 < b < 1 . Since /3 < 1 , using Lemma [Hj] we have 

1 . . .. 4 v(x) , . .. 4 . . ,, 4 v(x) . , .. 

-7-< t<p(v(x)) + -r—A^wix)) < -<p(v(x)) + -—d-p{w(x)). 

b b b w[x) b b w(x) 

If f < 1 and < 1, then since ^ - 1 > 0, < 1, and b < 1, using 

inequalities © we have 


4 v(x ) 
b w(x) 



"4 v(x) 
y b w(x) 


j{x) 


< V ( - T v ( x ) ) • 


Similarly, for other cases (| > 1 or |> 1) we have 


4 4 v(x ) , . .. 

-<p[v(x)) + -——ip{w{x)) < ip 
b b w{x) 



l I v ( x ) 


Hence 







dp(x) < / ’L [ip[ - v(x) dp{x) 


$ 


v(x) 

IHI(i-) 


dp(x) 


= 1 . 


This means ||A$^||(^) < — g° #) . Hence is a-Holder on 
Case 2: 1 < a < /3. 
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Let b = 3 /3 (2/3 + 4)||w||($). Since /3 > 1, using Lemma ITU and inequalities ([!]) 
we have 

2/3 + 4 v(x) 3* (2/3 + 4) v[x ) (w(x ) 

< --- r-trtpiwix)) < -r-7-r + 


b b w(x) b w(x) V 3 

Let fl, := {x G fi | < 1} and Q 2 := {x £ n \ > !}• If 


b w(x ) 

x G Qi; by the convexity of 'I' 




(x) 


< ,j, f 3^ (2/3 + 4) z;(x) / w(x) 

~ \ b w(x) \ 3 

< 3^ (2/3 + 4) t>(a;) ^ / ( w(x) 


b w(x) 

3^(2/3 + 4) v(x) f w(x) 


Since 


w 


I/I + 1*1 

3 

(4) 

3 


< 


w{x) 

II/II (<&) + 11*11(4) 


< 1, 


($) 


using the inequality $* (^p') < 3>(i) for t > 0 (see [KR.fill . p.13), we have 




Thus 


V * J 

4 (^) 

w(x ) 

3 


$ 


dn(x) < $ f pp ) d[i(x) < 1. 


(=+) 


w(x) 

3 


< l. 


($*) 


Using non-normalized Holder inequality (see Proposition 1 at 3.3 in RR9l| l. 
we have 


JA^)™ £ L 


3^ (2/3 + 4) v[x) f w{x) 


< 


f2i 

3 /3_1 (2/3 + 4) 


, , , + ( — 7 T- ) dfl(x) 

b w(x) \ 3 ' 


2|MI(4) 


$ 


(=+) 


»W 

3 


($*) 


2 

< 

“ 3 


On the other hand, since is a non-decreasing function, for x £ Q 2 we have 


3^ (2/3 + 4) v(x) f w(x) 
b w(x ) ^ 


)- v ( 


7 3* (2/3 + 4) v(x) w(x) 
b w(x) 3 


= <P 


v(x) 
3|MI(4)7 ' 


11 

















































Hence by the convexity of $ 




' O2 


(pc) 


dfi{x) < / 4> 


v(x) 

3|HI(4.) 


d/i(x) < 


Summarizing these inequalities, we have 


dfi(x) < 1. 


This means ||A$$||(^) < b = 3^(2/3 + 4)||'y||($). Hence faq, is Lipschitz on A $. 
Case 3: a < 1 < /3. 

Let b = 3^-“+t(2 (3 + 4)||i;||“ $ ). Since j3 > 1, as above 

1 A ^ / 3^(2/3 + 4) v{x) (w(x) 

- b A„M< - - - 

Let £ii := {x e U | ' 'V ' < 1} and := {at € Si | 3S(2 f +4) "fl > 1}. 


Since < 


( ! 


41 m V 




3 J 

/Xcjjt]/ (*^) 


' Oi 


w(x) 

, for x G fii, as above we have 

3^- 1 (2^ + 4)2||u|| ($) 


dfi(x ) < 


< 


3^- 1 (2/3 + 4)3 1 -“2||u||^ ) 


2 

< 

~ 3 


On the other hand, for x € using inequalities (HJ we have 


3^ (2/3 + 4) v(x) f w(x) 
b w(x) 


< <P 

= <P 

< V 

< V 


( ( 3^(2 /3 + 4) v(x) \ “ w(x) 
l \ b w(x) J 3 


3° _1 (2/3 + 4)» fv(x)\ 1 °‘ 


w(x) 


v(x) 


3° 1 (2/3 + 4) < 


v(x) 


>(x) 


Hence by the convexity of <f> 
(*r) 




' 02 




v(x ) \ 


IMIm, 


, , . 1 1 
dn[x) < < -• 
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Summarizing these inequalities, we have 


This means ||A$^||(^) < b = 3 /3 ~ a+1 (2(3 + 4)\\f — h\\^y Hence is a-Holder 
on This completes the proof. □ 


5 Proof of Theorem |6] 

Let G be a locally compact second countable group, and $ an N-function such 
that $ £ A 2 D V 2 , and 

(1) 12 = [0,1] and IK = R, or (2) f l = [0,1] and IK = C, or (3) 12 = N and 

K=C. 

By Proposition 4 at 3.2 in [ RR911 the Orlicz space L' I> ([0,1], IK) with the gauge 
norm || |b$) is a rearrangement-invariant function space. Hence by Theorem 10 
in |Lum63| ■ Theorem 1.1 in |KR94] . by Theorem 1 in | IAra85] (since 12 = N has 
counting measure), for a surjective linear isometry U on L 41 (12, IK), there exist 
a Borel function h : 12 — > K, and an invertible Borel map T : Q —> fl such that 

(i) for any Borel set A C fi, fi(T~ 1 A) = 0 if and only if fi(A) = 0, and 

(ii) for all / £ L 3> (f2) 


Uf(x ) = h(x)f(T(x)) a.e. x £ fl. (4) 

In particular, if f2 = N, then |/i(x)| = 1 for all x £ Cl. When 12 = [0,1], since 
fj, o T is a measure which is absolutely continuous with respect to /x, it has the 
Radon-Nykodym derivative r : [0,1] —> [0,oo), which satisfies 

li{TA) = f r(x)dn, [ f(x)d(j,{x) = f f(Tx)r{x)d(j,{x) 

Ja Ja jt-^a 

for any Borel set A C [0,1] and any / £ L $ ([0,1],K). Under this situation, by 
the same proof of Theorem 5.4.10 (106) in ifFJ03l . the equation (|4]) implies 

$(|/i(x)|a) = r(x)4>(a) (5) 

for almost all x £ [0,1] and all a > 0. 

Lemma 15. The conjugation 


U 1 —> 2 °U O </>i2<2> 

is a homomorphism from 0(L $ (12,K)) to 0(L 2 (i 2,K)). 
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Proof. For a simple function / £ L 2 (fi,K), using the equations (0} and (JS]| we 
have 

</>4«,t 2 ° U o cj) t 2 ^(f)(x) 

= 2 o 17 ($~ 1 (|/(a;)| 2 ) sign(/(x))) 

= <?W 2 (^(^)^* _1 (|/(T^)| 2 ) sign(/(T"a:))) 

= ($ (|/i(x)<f> _1 (|/(Ta;)| 2 ) sign(/(Tx))|)) ^ sign (h(x) sign(/(Tx))) 

= (r(x)$ ($ _1 (|/(Tx)| 2 ))) 2 sign(/i(x)) sign(/(Tar)) 

= r(x) 2 sign (h(x))f(Tx) 

Hence the map U K>■ <^$^2 o U o tp t 2 $ is linear. Furthermore, since LI = T _1 fl, 
we have 

11 ^*,*2 of/ o0 t a j4> (/) || | 2 = [ \r(x)^ sign(h(x)) f (Tx)\ 2 dp(x) 

Jn 

= [ \f(Tx)\ 2 r{x)dp{x) 

Jt- 1 n 

= [ \f{x)\ 2 dp{x) 

Jn 

= ll/lll- 

If we define (c/)^ t t 2 o U o ^ t 2 $) _1 := </>$ jt 2 o o (f>t 2 ,<s>, then 

(4>^ t 2 O U O <t>t 2 ,$)~ (f>$,t 2 O (7 O 0 t 2 $ = (f>® t t 2 ° U _1 O <f > t 2 $ O t 2 O JJ O (f > t 2 $ 

= id. 

Hence (/>$ t 2 o {7 o <f > t 2 $ is an invertible linear isometry on the subspace {simple 
functions} C 7 2 (fi,IK). By extending the map U <(>$ t 2 o U o cf > t 2 $ to the 
linear isometry on L 2 (H,1K), we have the homomorphism from 0(7 $ (S2, K)) to 
0(7 2 (fi, K)). □ 

Theorem [6j Let G be a locally compact second countable group, and d> an 
N-function such that $ £ fl V^?, and 

(1) fl = [0,1] and K = R, or (2) LI = [0,1] and K = C, or (3) LI = N 

and K = C. 

If G has Kazhdan’s property (T), then it has property (T l &(q,K)) w ith respect to 
gauge norm. 

Proof. Assume G does not have property {T L & (fi,K))- Write B = and 

H = L 2 (Ll,] K) (77 = L 2 (Ll x {1, y/— 1}, R) if K = C). Then there is a linear 
isometric G-representation p : G —> O(B) so that the quotient representation 
p : G —> 0(B/B p ( a )) almost has invariant vectors, i.e. for any compact subset 
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K C G and n £ N, there exist unit vectors f n = f n + B p ^ £ B := B/B p ^ so 
that 

max|| p{g)f n - fn\\ B = max inf \\p(g)f n - f n ~h\\ B < 

g&K a g£K hGBP<.°) tl 2 

Hence for each g £ K and n £ N, there is h g ^ n £ B p ^ such that 
II (p(g)fn - fn) - hg, n \\ B < ^ • 

Thus for i £ N we have 

II (p(g l )fn ~~ p(^ _1 )/n) - hg, n \\ B = \\p(g ^ 1 ) {p(g)fn ~ fn ~ h g>n )\\ B < ^. 
Hence 

n i 

II (p(g n )fn - fn) - nhg, n \\ B < II (p(g l )fn ~ P^^fn) - h g , n \\ B < 

Tl 

i=l 

On the other hand, since ||/n||j§ = 1, there is h n £ B p( - G ^ such that 

1< \\fn-h n \\ B < 1 + 4- 

n z 

Hence 

II p(g n )fn - /nils < II p{g n )fn ~ p(g n )h n \\ B + II fn ~~ h„\\ B < 2 + ^. 

Since 


^|| ||B — || || .B 

< II (p(g n )fn - fn) - nhg jU ||s + II p{g n )fn ~ /n||l? 

^ „ 1 2 

< 2 H-1— 77 , 


we get 

II p(g)fn - fn || _B < || (p(g)fn ~ fn) - h g , n \\ B + ||/l fll n|| B <~+Y + ~3^~- 

n n z n 

Thus the sequences {f' n = Un lh n \\ B }"gN c B > iK = ||/ n -L||B C BP(G) 
satisfy \\f' n - h' n \\ B = 1 and 


max || p{g)(fn - h' n ) - (/; - h' n )\\ B = 

g£K 


rnaxggx || p(g)(f n - h n ) - (f n - h n )\\ B 


II fn - h n \\ B 


6 

< 

n 
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Let us then define ir : G —> 0(fK ) by n(g) = 2 ° p(<?) ° 4 2 ,$- Then (/>$ t 2 

maps onto V.^^ G \ Let u n := 4 >i i>,t 2 (fn ~ h' n )- Then ||u„|jff = 1 and by 

Theorem [13] there are 0 < a < 00 and a constant C > 0 such that 


max \\Tr(g)v n — v n \\n = 

g£K 


< 


max||^$ it 2(p( ff )(/; - ti n )) - <M 2 {f n 



hi 


H 


From the inequalities (O, there is <5 > 0 such that if 1 — <5 < ||u||# <1 + 5, then 
\ < ||</ > t 2 , 4 >( M )ll-B < §■ For n £ N and u € H V ^ G \ if ||u||s <1 — 5, then 

||+i - u\\ H > ||Mb - IMIff > 5, 


if ||u||ij >1 + 5, then 


ll+i, - u\\ H > Hulls - ||u n ||s > 5, 


if 1 — 5 < ||u||s <1 + 5, then 


C\\v n -u\\^ > 

> 


||</’t 2 ,4>(+i) — 4 2 + ( u )ll B 


11 /; - k - 
inf ,„, II/; 

heBP(G) 


4 2 ,$( u )I|b 

- H B 


> 


inf 

/ieBp(G) 


fn 


II fn ~ Mb 

inf/igBP(G) Wfn - h\\B 

II fn - Mb 


- h 


1 1 
-i- > - 

1 + 4^2 
n z 


B 


for some C > 0 and 0 < a < 00. That is, there is a constant S' > 0 such that 
for all n € N 

inf \\v n -u\\ H > S'. 

Let w n denote the projection of v n to H’ = Then IIMIs > 5' > 0 

for all n and 

< max — ||7r(o)u„ — Ms -+ 0 as n —> 00 . 
g£K S' 

Thus the restriction n' of n to H’ does not G-invariant vectors, but almost does. 
Hence G does not have Kazhdan’s property (T). □ 


max 

g&K 


n(g) 


Wn 


Wn 


||+n || H ||+n || H 
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6 Proof of Theorem [8] 


Theorem [8j If a locally compact second countable topological group G has prop¬ 
erty (T), then there exists a constant e(G) > 0 such that G has property ( Fb ) 
for every real (or complex) Banach spaces B with 5s(t) > 5 L 2+^o(t) for all 
0 < t < 2 (or ps(t) < p L 2 +,(G) ( t ) for all t > 0). 

Proof. Since G is a locally compact second countable topological group with 
Kazhdan’s property (T), it is compactly generated. Fix a compact generating 
subset K with non-empty interior of G. 

Lemma 16. There exist a constant e(G) > 0 and C < oo such that for any real 
(or complex) Banach space ( B , || ||) with SB(t) > S L 2 +^o(t) for all 0 < t < 2 
(or ps(t) < /5^2+efG) (t) for all t > 0), any affine isometric action a of G on B, 
and any point x £ B with max 9 g^ || a(g, x) — cc|| > 0, there exists a point y £ B 
with 

Ik-J/ll <Cmax\\cx(g,x)-x\\, max \\a(g, y) - y\\ < mAX gg^ —ill 

g£K g£K 2 

Proof. By contradiction, we assume for any n £ N there exist Banach spaces 
(B n , || ||„) with 5B n (t) > S L2+ x(t) for all 0 < t < 2, affine isometric G- 
actions a n on B n , and points x n € B n such that, after a rescaling to achieve 
ma x gGK || a n (g,x n ) - x n \\ n = 1, 

max || a n (g,y) - y\\ n > ^ 
seif 2 

for all y e B n with \\y - x n \\ n < n. 

Let io be a non-principal ultrafilter. Set (B u , || || w ) be the ultraproduct of the 
spaces (B n , || || n ) with the marked points x n . For 0 < e < 2, we take u,v £ B u 
with ||u|| u = 11^11^ = 1 and ||u — v|| w > e. Let (u n ) be the representatives of u , 
(v n ) of v , and 0 < g < e. Then by the uniform convexity 


C 

c 

c 


{n G N : | |K|U - 1| < g, | |M| n - 1| < V, |||u 

{n e N : I ||u n ||n - 1| < V, I ||t>n||n ~ 1\ < T), \\u n 

Un Vn II n 


neN: JWk<i ! Wk <li 

l + g 1 + g 

\\u n H- u n || r 


neN: 


2(1 +V) 


< 1 — <5b„ 


1 + rj 
1 + T] 


> 


- w|L - \\u n - V n \\ n \ < g} 

- V n \\ n > e-g} 

InJlX 

l + g) 


Since the set at the top line is in to , the set at the bottom line is also in to. Since 
S 2+ j_ <5 2 +i for m < n, for fixed m £ N we have 

L m L n 


jn e N : 


||n ra -t- u n || n 
2(1 + 17 ) 


< 


1 - 




fl {n € N : n > m} € io. 


Since g is arbitrary, we have 


ll M + ^lU 

2 


< inf (1 + n) 

0<i)<e' 




— 1 ^B 2+ m 
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that is, 8b u (e) > 6 2+ ±.(e) for 0 < e < 2. Since m is also arbitrary, we have 
6Bu{e) > ^l 2 ( £ ) for 0 < e < 2. This means (B U1 1| || w ) is a Hilbert space (see 
p.410 in IBLOO] and Theorem 7.2. in |D^47l ). Since G is generated by K and 
ma Xg£K || a(g, x n ) — x n \\ n = 1, we obtain an affine isometric G-action a u on the 
Hilbert space B u from a n . Then, by the assumption, for any y € B u , we have 

max || a u (g,y) - > -, 

g£K 2 

that is, a u has no fixed point. This means G does not have property ( FH) 1 
hence contradicting the property (T) of G. For B with psit) < p L 2 +^G){t) for 
all t > 0, we can prove in a similar manner. □ 

Let a be an arbitrary affine isometric G-action on a Banach space B with 
> 5 L 2+€(.g) (t) for all 0 < t < 2 (or p B (t) < p L 2 +e(G)(t) for all t > 0). 
Define a sequence x n € B inductively, starting from an arbitrary xo £ B. Given 
x n , let R n = max ge if ||a(< 7 ,x n ) — x n \\. Then, applying the lemma, there exists 
Xn+i € B with 

\\^n *£n+l|| — CR n 

so that 

R 

R n + 1 = max||a(g,x n+ i) - cc„+i|| < . 

g£K 2 

We get R n < i?o/2 n and 

OO OO ^ 

Y \\Xn+l ~ Xn\\ B < CR 0 Y ^ = CR 0 < 00 • 

n= 1 n= 1 

The limit of the Cauchy sequence {x n }^ =1 is a G-fixed point of a. □ 

7 Proof of Theorem [9] 

Theorem [9j Let T be a hyperbolic group and K = R or C. Then there exists 
2 < p = p(T) < oo such that, for any N-functions <f> and T satisfying 

• <f> € Aj , and 

• there is a constant D > 0 and to > 0 such that 'F(f) < Dt p for all 
0 <t<t 0 , 

T admits a proper affine isometric action on the £^(T, (®(T, K)) space with gauge 
norm, where 


^®(r,^*(r,K)) = U: r ->• **(r, k) 


^ T (a||^(7)||($)) < oo for some a > 0 

7er 
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with gauge norm 


II£II(<m>) = inf 



Proof. Since T is a countable set with counting measure, we can identify T and 
N as measure spaces. Let 5 be a finite generating set of T and G a Cayley 
graph of r with respect to S. We endow G the path metric d, and identify T 
with the set of vertices of G. Let 8 > 1 be a positive integer such that all the 
geodesic triangles in G are <5-fine. Set B(x,R) = {a £ T \ d(a,x) < R} and 
S(x, R) = {a £ F | d(a, x) = i?}. 

Let q be a F-equivalent bicombing, that is, a function assigning to each 
(a, b) £ r x L an oriented edge-path q[a, b] from a to b satisfying q[g ■ a,g ■ b\ = 
g ■ q[a , b] for each a, 6, g £ P Set L = Q if K = R and L = Q + \J— IQ if K = C. 
Let 



where we identify T with the standard basis of Co(r,L). Therefore the left 
action of T on itself induces an action on Co(r, L). 

Proposition 17 ( |Min nu). There is a function f : T x T — > C*o(r, L) satisfies 
the following conditions. 

(1) For each a,b £ T, f(a,b) is a convex combination, i.e. its coefficients are 
non-negative and sum up to 1. 

(2) If d(a, b) < 105, then f(b , a) = a. 

(3) If d(a, b) > 10(5, then supp/(&, a) C B(q[b, a](10<5), <5) D 5(6, lOd). 

(4) / is r -equivariant, i.e. f{g ■ a, g ■ b) = g ■ f(a, b) for any g,a,b £ T. 

(5) There exist constants L > 0 and 0 < A < 1 such that, for all a,a',b £ T, 




and 




7er 7er 


f or E 7£ r c 77 G Co(r,L). 
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For an N-function $ S Aj, endow Co(r,L) with the gauge-norm such as 


]C c 77 

Ter 


= inf & >0|E $ (¥ )<1 • 


($) 


Ter 


Since we can write f(b, a) - f(b, a') = E 7 eB(b,i 05 ) c t7, we get 
||/( 6 , a) - fib, a , )||($) 


Y c ^7 

7G-B(6,10<5) 


($) 


= inf l b > 0 | $ ( 77 ) < 1 


7G-B(6,105) 


< inf I 6 > 0 | Y, $ K'l , < x 

[ 7 e-B(b,10<5) V 

= inf jfr> 0 | ^B {b ,m^h 

11/(6,a) - /(6,a')||i 


1 


\B(b, 106)| 


$- 


(|B( 6 A 0 tf)|) 


Similarly, we can write f(b,a) = X] 7 es(b io<5) c 7 7> an< ^ by the non-normalized 
Holder inequality for Orlicz space, we get 

1 = ll/( & :«)lli < 2||/(6,a)||($)||xB(b, 1 o<5)ll($*) = 

t |S(b,10<5)| 7 

As in [Yu05l . for each pair a, 6 S T, define 6 ( 6 , a) = a’)||(^ ) • Then 


II 6 ( 6 , a) - 6 ( 6 , a,')|| (4> ) 


f(b, a) 

/(MO 

ll/(M)||(4>) 

ll/(MOII(*) 


||/(M)-/(M / )II W |||/(6, a')|| ($) - ||/(6, a)|| ($) | 

ll/(M)||(4>) ll/(M)ll(<i>) 

< ll/(&, a) ~ f{b, a ')ll($) 

ll/( & : «)ll(4-) 

< 4||/(6,a) - /(6, aQUi 

$_1 (|B(b*L0<5)|) ( $ *) _1 (| B (mo5)|) 

= c\( a \ a '^ b 
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where C = -^zn - 1 - / -i-v Since $ £ Aj, the Orlicz space 

® l \B{b, 105) | J(®*) (, |B(b,10i)| ) 

£ $ (r,K) is the completion of Co(r,L) with respect to the gauge norm. No¬ 
tice that the T action on Co(r,L) can be extended to an isometric action on 

^(r,K). 

Let 7 r be a linear isometric action on X = ^(T, K)) defined by 

( 7r (ff)0( 7 ) =g{Z(g~ 1 7)) = (C(3 _1 7))(5 _1 -) 
for all £ £ X and <7,7 £ T. Define a function 77 : F —>- by 

3 ( 7 ) = Kl, e ) 

for all 7 £ r, where e is the identity element in T. 

Let v > 0 such that \B(x,r)\ < v r for all x £ L and r > 0. Choose 
p = p(r) > 2 such that \ p v < A. Let f be a N-function such that there is 
a constant D > 0 and t 0 > 0 with d'(t) < Dt p for all 0 < t < f 0 - Since 
(Tr(g)rj - 77 ) ( 7 ) = gihig- 1 j,e)) - h( 7 , e) = h(j,g) - h( 7 , e) holds, we have 


E* 

7er 


(^{g)v- V)h)\\(<s>)\ 


= E* 

' 7er 

< E* 

7er 

< E* 

7^r 
00 

< 

n—0 


^ 11^7.3) - M 7 ,e)|| ($ ) 


C\^)i 


( CA^ 7 ’ e )-d(9.e)) 




C\( n ~ d (g’ e )) 


For each g £ F, we set n 0 (g) = min{n £ N | C\^ n d ( g ’ e '>'> < t 0 }, and 


c 0 (g) = min \ c > 1 | n 0 (g 


C \- d ( g ’ e ) 


v n o (g) < 


Then since 0 < A < 1 and v > 1, for c > co(g) we have 
/ C' / \("-d(9,e)) ' 




< 


E* 

n —0 

MsD 1 / (J\(n-d(g,e)) 

E * 


n —0 


< n 0 (g)^ 


C \~ d (ax) 

co ( 3 ) 


„ n 0 ( 9 ) 


f y, * 

n=n 0 (g) 

OO 

E * 

n—n 0 (g) 


(j^(n-d(g,e)) 


(j^(n-d(g,e)) 


< 


+-Ld (c\- d ( g ’ e) y jr {X p v) n . 

n=n 0 (g) 
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Therefore 


h(g)v ~ v\k*$) 

= inf < c > 0 | ^2 ^ 

{ Ter 

inf < c > co{g) | ^ ^ 


< 


< 


< 


(A9)V~ V) (7)11 ($) ^ < 1 

(^(a)v - v)h)\\(<s>)\ 


76 r 

1 1 


I s 


< 1 


inf|c>co( 5 )| - + -D(c\- d ^y J2 (\*v) n <l 
inf {c > co(fl) | 2 D (cA- d(s ’ e) ) P < c^} 


n=n 0 (g ) 


= max{co(g), (2 IA)pCA d( ' 9,e ' ) } < 00 . 

It follows that Tr(g)r] — 77 is an element in X for each 5 £ T. We now define an 
affine isometric action a on X by T by 

a(flO£ = - V 

for all £ G X and g G T. For 7 G #[< 7 , e] with d( 7 , e) > 10(5 and d(^y,g) > 10(5, 
since 

B (q['y,e}(l0S),S)r\B(q['y,g](10S),S) = 0, 
we have supp h(p/, e) fl supp h{ 7 , g) = 0 , and hence 


||h( 7 ,g) - h( 7 ,e)|| ( $) > 1 . 


Thus for jgTwe have 


\n(g)v ~ Vh**) = inf^c> 0 |^^ 

7er 




< 1 


> inf { c > 0 | ^2 ^ 

7Gq[p,e];d(7,e)>10(5,d(7,g)>10^ 

1 


< 1 


> 


iTf — 11 _1_ 

1 |{769lg,e];d(7,e)>10<5,d(7,g)>10<5}| 

1 


$?- 


r) 


d{g,e) — 100<5' 

As a consequence, for every £ £ X, we have 

IK(g -1 )a(g)£ - £!!(*$) = II«(g)£ - 7r(g)£||(<M>) = IK(g)g - 7?||(**) -► °° 

as d(g,e) —>• 00 . Therefore the affine isometric action /3(g) = 7r(g _1 )ct(g) on 
of T is proper. 
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